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ABSTRACT   The need to improve teachers’ preparation to teach mathematics is 
shared by many countries. E-learning professional development (PD) programs 
appear as an attractive option due to their flexibility and availability. Suma y Sigue 
is an e-learning PD program for Chilean teachers that focuses on the development 
of Mathematical Knowledge for Teaching (MKT). The program is characterized 
based on a constructivist perspective of learning by using a contextualized 
problem-based approach. This article describes the instructional design of the 
program learning activities that demonstrate how mathematical tasks centered on 
the construction of MKT are articulated and implemented. The learning 
performance of the participants in a specific course within the program is analyzed. 
The findings show empirical evidence of improvement in teachers’ knowledge. 
The detailed description of the course and participants’ performance can aid PD 
developers to design principles and the use of different instructional strategies, 
especially when the course focuses on MKT development. 

Keywords: E-learning; Instructional design; Professional development; 
Mathematical knowledge for teaching. 

 Introduction 

Improving teachers’ knowledge and skill to teach mathematics is a need in many places 
and contexts. Ball and Bass (2000) believe that teachers’ mathematical knowledge 
should be strong enough to allow them to deal flexibly with the complexity of teaching 
mathematics to different students. Ball (2003) emphasizes the importance of 
“designing courses in mathematical knowledge for teaching, helping instructors and 
professional developers teach them well, and doing so at scale” (p.38). There are 
recommendations for Professional Development (PD) programs for teachers, which 
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acknowledge the need for a clear focus on Mathematical Knowledge for Teaching 
(MKT) (Ball et al., 2008) especially to impact teachers’ work with students in the 
classroom (Campbell and Lee, 2017). Many efforts have been made to understand the 
role of strategies used to deliver PDs activities and bring learning opportunities for 
teachers to improve their MKT (Copur-Gencturk et al., 2019). Borba and Llinares 
(2012) identify knowledge-building practices in technology-mediated workgroup 
interactions among several key topics that require further research in online 
mathematics teacher education. Yet, it is not evident the types of learning activities 
that might help teachers to develop such knowledge.  

Suma y Sigue is a PD program designed based on e-learning modalities (fully 
online or through blended learning) for Chilean teachers, which is focused on the 
development of teachers’ MKT. The program is based on a constructivist perspective 
of learning by using a contextualized problem-based approach. Martínez et al. (2020) 
studied teachers’ satisfaction by participating in the blended model of the Suma y Sigue 
PD program. Starting in 2020, the program changed its format by adopting an e-
learning approach. This was planned due to the necessity to reach teachers in remote 
locations and was also precipitated by the Covid-19 pandemic. In this study, we 
describe the instructional design of a virtual learning environment that allows teachers 
to develop their MKT through an instructional model with a high autonomous learning 
component. We also emphasize how the learning sequencing of this model promotes 
teachers’ engagement in mathematical tasks, and how it guides a user in both the 
reinvention of elementary mathematics and the development of professional 
mathematical knowledge. In this paper, we aim to explain the Suma y Sigue design 
structure in online model by focusing on the activity design and the learning sequence 
of a particular course called “Working with multiplication and division”. Moreover, 
we analyze the learning results of participating teachers in this course, discussing the 
relationship between course activities and change on teachers’ MKT. 

 The Importance of Professional Development Programs and Teachers’ 
Knowledge 

For the past three decades, efforts to improve the competencies of math teachers and 
thus the quality of math education have been a constant feature of educational policies 
around the world. To this end, policymakers and educational organizations have 
implemented various plans and programs to reform education. In the field of reform, 
teacher preparation plays a key role in enhancing teachers’ professional competencies 
(Barber and Mourshed, 2008). By focusing on in-service teachers’ education, PD 
programs have been known as an important area of research in promoting mathematics 
education and also as a goal of various governments and research communities during 
the last decade (Koellner et al., 2011; Martin and Mulvihill, 2020). 
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Chile has begun extensive reforms to improve the quality of education (Santiago 
et al., 2017; Toledo and Wittenberg, 2014), particularly in mathematics (Saadati et al., 
2021; Martínez et al., 2020). For example, through the new national Teacher 
Professional Development System in 2016, teachers have been encouraged and granted 
the right to participate in PD programs. Thus, it is expected that teachers will have 
access to free and relevant education in order to further develop their professional 
careers and improve their knowledge and professional competencies. That system 
brings opportunities to develop different types of PDs in Chile to support educational 
reform.  

Considering the reforms in mathematics education, efforts have been focused on 
improving the knowledge of teachers so that they are able to carry out teaching in a 
way that allows them to help students understand mathematics conceptually.  In fact, 
teaching mathematics is a serious and demanding arena of work and teachers need to 
be prepared to handle it (Ball, 2003; Ball et al., 2005). The quality of teaching depends 
on the knowledge and teaching skills of the teachers, so focusing on improving MKT 
is a key strategy to address this need (Campbell and Lee, 2017). 

Copur-Gencturk and colleagues (2019) examined the successful characteristics of 
a PD in improving teachers’ MKT and learning, such as PD tasks, materials, and 
agendas. They showed that a focus on curricular content knowledge and reviewing 
student work seems to be important to improve teachers’ content knowledge for 
teaching. Garet et al. (2001) proposed two groups of features for effective teacher PD 
programs. The first one is structural features such as the form of activity, its duration 
and collective participation, and the second group refers to the core features which 
include content knowledge, active learning, and coherence. Considering these two 
groups of features is a must to design an effective PD program to improve teachers’ 
MKT.  

In general, providing opportunities for in-service teachers to develop MKT 
requires constructing and implementing a specific type of task that should: (a) create 
opportunities to unpack, make explicit, and develop a flexible understanding of 
mathematical ideas; (b) provoke a stumble due to a superficial understanding of an idea; 
(c) help to make connections among mathematical ideas; (d) lend themselves to 
constructing multiple representations and solutions methods; and (e) provide 
opportunities to engage in different mathematical practices (Suzuka et al., 2009). 

2.1.    Contextualized problem-based learning 

According to the Realistic Mathematics Education (RME) theory (Freudenthal, 2012), 
contextualized problems are inextricably linked to mathematics learning, with 
“realistic” contexts serving both as a source for initiating the development of 
mathematical ideas and as settings to later apply mathematical knowledge. Context 
problems function as anchoring points for a guided reinvention of mathematics by the 
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students, helping to bridge the gap between informal and formal mathematical 
knowledge (Gravemeijer and Doorman, 1999).  

Even though mathematical literacy is defined in terms of an individual’s capacity 
to solve problems in a variety of real-world contexts (OECD, 2018), most problems 
which students face in mathematics classrooms can be solved by a simple and 
straightforward application of one or a combination of the four basic arithmetic 
operations and are not closely related to students’ experiential worlds (Depaepe et al., 
2010). Moreover, teachers and students, mostly focus on the mathematical structure of 
a problem, ignoring the realistic aspects that could help them to make sense of its 
structure (Depaepe et al., 2010; Peled and Balacheff, 2011). Thus, it is necessary that 
teacher education addresses the need to improve teachers’ understanding of the value 
of real-life problems to mathematics learning (Peled and Balacheff, 2011). Considering 
contextualized problem-based learning in professional development programs may aid 
teachers to use more realistic situations as a starting point for mathematical activities 
in the classroom. 

Using teaching situations as the context for problem solving activities may also 
impact teacher competencies and pedagogical knowledge. Zaslavsky and Sullivan 
(2011) indicate that worthwhile teacher education tasks are those that are motivated by 
the desire to foster the orientation in prospective teachers to the study of practice. Case-
based teaching can be used for creating meaningful settings for teacher learning 
(Putnam and Borko, 2000). This approach allows enacting tasks which are 
idiosyncratic to teacher education and explores the richness and complexity of genuine 
pedagogical problems (Putnam and Borko, 2000). 

2.2.     Virtual learning and Mathematics teacher education 

The idea of virtual learning has been underlined in the mathematics learning literature 
and recently has been translated into mathematics teacher training (Borba and Llinares, 
2012; Goos et al., 2020; Martínez et al., 2020). In this shift, constructivism helps 
educators design virtual courses and learning environments, in which learners build 
their own knowledge. Constructivists believe that learners construct knowledge (rather 
than acquiring it) individually through their interactions with the environment 
(including other learners) from their authentic experience, mental structures, and 
beliefs, which are themselves mediated by the prior knowledge (Ernest, 1996; Simon, 
1995; Thompson 2014).  

Before the widespread use of the Internet, mathematics knowledge belonged to 
teachers and textbooks, and mathematics teaching happened in formal classrooms or 
teacher-centered settings with a mandated curriculum (Borba et al., 2012). After the 
availability of the Internet and the use of new technologies, the perspective on learning 
has changed. Learning can be happening face to face or virtually, synchronous or 
asynchronous, in a classroom or through the Internet (as e-learning), especially in a 
large and distributed community.  
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With the use of the Internet or a shift to e-learning in mathematics education, three 
fundamental foci within mathematics education can undergo a radical change; 
mathematics knowledge, teaching and the context of classrooms (Borba et al., 2012). 
In fact, thoughtful replacement of face-to-face education with online learning includes 
three main features: a fundamental change in course design to optimize learners’ 
interaction with the learning environment as well as with other learners; the ability to 
restructure and replace traditional class contact hours with the flexibility to choose the 
learning time; the flexibility to choose different learning activities according to the 
needs of learners, including the content of educational materials in various forms of 
documents, videos, animations, simulations. 

Research showed that teachers often resist participating in intensive long-term PD 
programs, especially when the commitment involves traveling from their school to 
another location (McConnel et al., 2013). Moreover, a lesson we learned from the 
Covid-19 pandemic and the closure of schools, is the importance of online learning. 
Therefore, given the key features of e-learning, a PD program in a virtual modality can 
be a solution for continuing teacher education. It brings several benefits for teachers 
such as: reducing the attendance time of in-service teachers in face-to-face or 
synchronous workshops, which is an inconvenient factor for participants due to conflict 
with their work schedule (Eroğlu and Kaya, 2021), arranging courses for a longer 
period which is recommended to increase the efficiency of a PD program (Garet et al., 
2001), and offering interactive online learning plans, which help teachers to have rich 
and flexible knowledge about the subject they teach (Borko, 2004). 

In line with the importance of online learning in teacher education, Borba and 
Llinares (2012) suggest that online activities can transform teacher collaboration and 
cause individual development. However, designing a virtual PD course needs specific 
attention. 

Goos et al. (2020) described the effectiveness of a blended learning PD program 
to address the lack of mathematics content knowledge and mathematics pedagogical 
competencies among in-service mathematics teachers. In Martínez et al. (2020), the 
design of the PD program aimed at improving teachers’ MKT is discussed in detail. 
This work presents how to use different instructional strategies in e-learning modalities 
to develop teachers’ MKT. Although there are significant benefits for teachers, 
constructing virtual learning environments to improve teachers’ MKT is a difficult task 
for PD developers. To help developers, it is vital to present samples of PDs with a full 
description of the principles of design and its materialization. 

 The case of Suma y Sigue: an e-learning PD program 

The Suma y Sigue program was developed at the Center for Mathematical Modeling 
(CMM), a research institution of the University of Chile. Its development included the 
joint work of several teams, including content development, graphic design, and 
programming. The content team was made up of teachers, mathematicians, and experts 
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in mathematics education. This composition was essential to focus the contents of the 
course on the professional knowledge involved in teaching mathematics and the design 
of learning activities that were relevant to that effort. The creation of a single course 
took around 8 months. The development and implementation of the program was 
supported by collaboration agreements between the CMM and the Chilean Ministry of 
Education (MINEDUC). 

3.1.     Design Principles 

The instructional model of “Suma y Sigue” aims to improve teachers’ MKT, through 
contextualized learning activities focused on the deep analysis of elementary 
mathematics. For this, three fundamental principles are established, which are 
discussed in more detail in Martínez et al. (2020). The first principle is based on the 
constructivist perspective of learning, that is, it is considered that knowledge is not 
passively received by learners but actively constructed by them using their previous 
knowledge (Thompson, 2014; Ernest, 1996). For this reason, in the program, the 
contents emerge as the teachers solve mathematical and didactic problems that force 
them to use their previous knowledge and restructure it to find a solution. A second 
principle considers the importance of using contextualized problems in realistic 
situations. This materializes through the use of mathematical problems placed in 
contextualized situations that allow solvers to make sense of formal mathematics 
(Freudenthal, 2012; Gravemeijer and Doorman, 1999), and also, with the use of 
didactic problems that put teachers in plausible classroom situations (Putnam and 
Borko, 2000; Zaslavsky and Sullivan, 2011). Finally, the third principle is articulated 
around the MKT model (Ball et al. 2005, 2008), which proposes that the teaching of 
mathematics requires specific knowledge, which can be distinguished, characterized 
and developed. Some of the courses focus heavily on the subject knowledge 
components of the MKT model, that is, on common and specialized knowledge, while 
other courses incorporate the pedagogical knowledge components to a greater extent. 

3.2.    Materializing the principles in design 

The program’s online activities are built around a mathematical story which allows 
articulating the different types of tasks necessary to develop MKT. As the story unfolds, 
new conflicts arise, which makes it possible to modify the didactic variables of a task 
or change the type of task addressed. For instance, a discussion among the characters 
of the story can help to produce a conflict around a mathematical idea, triggering a 
questioning process that leads users to unpack mathematical concepts. Technology 
allows the design of dynamic learning scenarios in which tasks and content are 
progressively displayed, facilitating not only addressing different types of knowledge 
in an integrated way but also a scaffolded learning process. 
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3.3.    Structure of the program 

The “Suma y Sigue” program offers thirteen courses dedicated to teachers who teach 
mathematics at different primary and secondary school levels. Each course addresses 
topics specific to a curricular domain (Numbers and Operations, Geometry and 
Measurement, Algebra and Patterns, Probability, and Data). The courses are organized 
in two modules, each module is made up of two or three asynchronous virtual 
workshops followed by a synchronous workshop (see Fig. 1). At the end of each 
module, participants answer an online test whose items address the mathematical and 
pedagogical content of the course. The courses last approximately 34 hours distributed 
over 10 weeks. About 25 hours are of asynchronous work and 9 synchronous work. 

Fig. 1.  Course structure 

  Virtual workshops 

The learning unit of a workshop is known as a virtual activity. Each activity has a 
specific objective defined according to the mathematical content addressed. A 
contextual situation is proposed for each activity, acting as a frame for arranging 
different tasks. The resolution of these tasks requires building specific mathematical 
knowledge to address the situations. Both the context and the learning tasks are 
dynamically integrated, in the sense that they become more complex throughout the 
activity, allowing participants to consider a variety of aspects of MKT. Each workshop 
is made up of three to six virtual activities and ends with a systematization section that 
summarizes all the contents seen in the activities. 

The virtual activities are designed to trigger autonomous learning which requires 
involving and keeping the teacher focused on the construction of knowledge. Each 
activity has three phases: engagement, construction, and systematization. In the 
engagement phase, a contextualized situation is introduced, usually in daily life or a 
classroom setting, using a variety of learning resources such as cartoon stories, 
dialogues between characters, and animations. Depending on the complexity of the 
knowledge involved, the construction phase is structured in an activation-
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institutionalization-practice cycle, which is repeated as new MKT elements are 
incorporated. In the systematization phase, the contents addressed through the activity 
are summarized. We refer to Martínez et al. (2020) for a more detailed description. In 
Section 4 we provide an example, describing the different phases of activity of the first 
virtual workshop of the course called “Working with multiplication and division”. 

 Synchronous workshops 

At the end of each module, an asynchronous workshop is held. The objective of these 
workshops is to discuss pedagogical issues related to the mathematical contents of the 
course. These workshops are organized in three stages: the first one called “Activation” 
occurs before the synchronous session. Teachers must reflect individually on a 
mathematical or classroom situation. In the second stage called “Synchronous 
discussion,” the participants meet by zoom to discuss the situation, which is connected 
with a reflection on the teaching of the content. Collaboration is promoted here through 
small group discussions, the conclusions of which are then brought back to the full 
group. The last stage is called “Discussion projections” in which participants reflect on 
the learnings achieved in the discussion and consider new deepening questions. The 
participants must analyze a document that systematizes the main ideas of the 
synchronous virtual discussion and introduces new questions. The discussion happens 
in a virtual forum moderated by the course tutor. 

3.4.     Assessment 

The evaluation process of the “Suma y Sigue” courses fulfill two purposes: on the one 
hand, the learning of the participants is qualified to certify the approval of the course 
(summative assessment) and, on the other hand, feedback is given to the participants 
on their performance (formative assessment). As for the summative evaluation, 
teachers take 4 tests throughout the course. These tests are applied at the end of each 
workshop on the fixed dates scheduled before. Each test has a total of 7 items in 
multiple-choice, true and false, and open response format. These items assess the 
mathematical and didactic content reviewed in each workshop. Regarding formative 
evaluation, the platform offers constant feedback as teachers progress through the 
course. Depending on the complexity of a question, after the participant submits their 
answer, a feedback narrative capsule (Narciss, 2008), named “Exploring a possible 
solution”, is displayed to her/him containing feedback and justification of correct and 
incorrect answers. This allows participants to reflect about the knowledge required to 
answer the question. These feedback capsules have different levels of complexity 
involving written explanations, pictorial representations and animations. 

The course approval criteria include achieving at least 60% correct answers in the 
tests, having completed at least 80% of the platform activities and attending the two 
synchronous workshops. 
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 A Course Description 

The “Working with Multiplication and Division” course is aimed at teachers who teach 
mathematics from 2nd to 4th grade. This course has four asynchronous virtual 
workshops. The first one, “Multiplicative situations”, is devoted to analyzing different 
types of problems and representations associated with multiplication and division, 
providing different interpretations of these operations with whole numbers, addressing 
the transit between them, and establishing some basic properties. In the second virtual 
workshop, “Multiplication”, the justification of properties of multiplication will be 
addressed using generic examples. Also, the construction of the multiplication tables 
and different calculation strategies, including the standard algorithm, will be justified 
in this workshop. For the third virtual workshop, “Division”, various contextualized 
problems are proposed to address the properties of division in connection with 
calculation strategies. In the last virtual workshop, called “problem solving”, a series 
of stories showing students engaging in problem solving activity are proposed to 
analyze the relevant aspect of this type of activity in the classroom, such as the use of 
representations, understanding different solutions strategies, recognizing errors as an 
opportunity to enrich learning, and correctly interpreting mathematical results. 

The two content-focused synchronous workshops are taught after teachers have 
finished the virtual workshops 2 and 4 respectively. In the first one, which will be 
described in more depth below, the teaching of the multiplicative situations of grouping 
and combination type, their models and representations are discussed. The second 
synchronous workshop is focused on the teaching of different division strategies. For 
that, a video clip showing a classroom situation in which students are using different 
strategies for solving a multiplication task. 

4.1.     The “Multiplicative situations” virtual workshop 

In this workshop, three types of multiplicative situations are introduced to provide 
meaning and connections between multiplication and division. For that, a story 
involving the discussions of two characters that work at a restaurant is constructed. 
This context is useful to motivate teachers to think about different types of situations, 
such as the distribution of pastries among diners, the combinations of dishes for a 
dinner, and the assignment of waiters to rooms. This story allows teachers to build 
connections between possible interpretations and representations of multiplication/ 
division, understanding the role of the numbers involved accordingly. This workshop 
aims to help teachers develop specialized mathematical knowledge that they need to 
teach these operations with students from 2nd to 4th grade, according to the Chilean 
curriculum.  

Four activities comprise the “Multiplicative situations” virtual workshop: 
“Grouping and arranging pastries” which introduces multiplications as a solution to 
grouping and array-type problems; “Choosing the menu” in which multiplication is the 
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solution to combination problems; “Sharing in the restaurant” where division appears 
as a solution to grouping problems associated with the question “How many are there 
in each group?”; “Setting groups for events”, that connects division with grouping 
problems associated to the question “How many groups are there?”. We describe the 
first activity in more detail showing its different construction cycles. 

  Grouping and arranging pastries 

This activity starts by introducing Anaís, a cook, who drew the following diagram to 
represent the number of pastries that she should bake for each table, as shown in Fig. 
2 below: 

Fig. 2.  Pastries’ arrangement 

In the first question, teachers are asked to recognize how Anaís is organizing the 
pastries, distinguishing the number of groups and the number of elements of each group, 
as well as the addition that corresponds to this organization (Fig. 3). 

 

Fig. 3.  Question example 
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After a teacher submits her/his answer a narrative feedback capsule is displayed 
showing the transit between both representations (pictorial and symbolic), and 
justification to understand the reason behind representations and the transit (Fig. 4).  

The connection between this situation and the multiplication of 4 × 3 is established 
in a content capsule that defines the multiplication of a × b as an iterated addition (Fig. 
5), ending the “engagement phase” of the activity. 

Fig. 4.  An example of a feedback capsule 

Fig. 5.  A multiplication definition 

The first “construction phase” starts with a question, in which teachers must decide 
whether a situation is described by 2 × 5 or 5 × 2 according to the definition given 
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above. Then, a question regarding plates of pastries with different types of elements is 
introduced, to show that even though the number of pastries is 12, it is not connected 
to a multiplication. After deducting that having groups with an equal number of 
elements is necessary to relate grouping problems with multiplication, the connection 
is established in a content capsule (Fig. 6). 

Fig. 6.  A content capsule that addresses grouping problems and multiplication 

The next construction phase starts with Juan Pablo, a cook, who has placed some 
pastries in a tray as follows (Fig.7). A conversation between Anaís and Juan Pablo 
unfolds (Fig. 8). 

 

 

Fig. 7. Pastries in a tray 

Teachers are asked to recognize the Juan Pablo’s counting of pastries with the 
multiplication, and then to connect the grouping problem with the array as shown in 
the dropdown question below (Fig. 9): 
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Fig. 8.  A dialogue leading to an array of pastries 

Fig. 9.  A question connecting a grouping problem with an array representation 

After this, some characteristics of array problems are addressed through 
questioning, so that teachers deduce that, given groups with the same number of 
elements, it is always possible to organize their elements in an array, but that not all 
array diagrams correspond to grouping problems. Thus, it is established that under 
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certain conditions, both types of problems, grouping and array provide two possible 
representations for one scenario. This conclusion ends the second construction cycle.  

The last construction cycle of this activity is focused on the deduction of the 
commutative property using an array. It starts with Juan Pablo assembling the pastries 
and placing them on a table, as shown in Fig. 10: 

Fig. 10. An array of pastries 

Then, a conversation between Juan Pablo and Anaís follows:  

Fig. 11. Two iterative addition expressions for the number of pastries. 

This dialogue presents two different expressions to compute the number of pastries. 
Teachers are asked to recognize them and connect them with the array representation, 
showing that the two different iterative additions are indeed equal. This cycle ends with 
a discussion regarding the use of generic examples to justify properties, in this case, 
the commutative property of multiplication. 
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4.2.     Description of a synchronous workshop 

The first synchronous workshop of this course delves into didactical aspects relevant 
to teaching of multiplicative situations, and it is held at the end of the second virtual 
workshop. In the first stage “activation”, an activity involving the analysis of a 
classroom video is proposed, in which 4th grade students solve a problem. Teachers 
are asked to recognize the type of problem proposed, the role of the quantities involved, 
and then to describe and interpret the different answers given by the students to the 
problem proposed. In the main activity of the “synchronous discussion” stage the 
problem shown in Fig. 12 is introduced for discussion among participants: 

Fig. 12.  A problem for discussion 

 In the group discussion that ensues, teachers are expected to recognize that there 
are representations that are more suitable than others to model a particular situation, 
and that the representations themselves are helpful to understand why the operation 
that models the situation is a multiplication. Later, teachers are asked if the video game 
problem above can be modeled through with the phrase in Fig. 13 below, and to 
recognize differences between the grouping and combination situations. 

 

Fig. 13.  Symbolic representation 

Number of groups Number of elements 
in each group 

Total number of 
elements 
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In the last stage “discussion projections” participants are presented with a 
document in which a classification of multiplicative situations is proposed. Then, 
starting with a set of problems, they are asked to propose a teaching sequence for them, 
justifying the reasons that support such progression. 

 Methodology 

A quasi-experimental design with pre- and post-tests was adopted, applying two 
analysis techniques to describe how the teachers participating in the course can be 
distinguished or classified based on their MKT before and after participating in the 
course. 

5.1.    Participants 

The study involved 124 primary school teachers from different regions of Chile, who 
enrolled in the program voluntarily. However, only 91 who answered all the items of 
the instrument in the pre and post-test were considered in the analysis section. This is 
because of the limitation of the statistical analysis technique (the latent class analysis 
or LCA) that applies here. It is suggested to eliminate those teachers who do not 
participate or answer all items in order to reduce the classification bias (Rose et al., 
2017). The LCA as a multivariate technique classifies teachers according to the latent 
construct arranged in the observed variables (teachers’ responses as their selection of 
all distractors or correct responses) obtained through the multiple-choice items in the 
instrument (Vermunt and Magidson, 2002). This assumes the evocation of the intended 
knowledge when interpreting the stimuli arranged in the items. 

5.2.     The Instrument 

The instrument used in this study included 10 items of multiple-choice, true and false 
and open-ended responses. It was requested to be answered by participating teachers 
before and after the course at their convenient time. The analysis was done only 
considering the 5 multiple-choice items, due to their psychometric properties, which 
presented good indices of discrimination, difficulty, and reliability (Mean_discr = 0.2; 
Mean_dif = 0.5, α = .68).  

Tab. 1. Domains of mathematical knowledge to teach that evaluates each item 

Item number  Assessed domain 

1 Specialized mathematical knowledge (posing multiplicative problems). 
2 Common mathematical knowledge (solving multiplicative problems). 
3 Specialized mathematical knowledge (identifying properties that justify a 

calculation procedure). 
4  Specialized mathematical knowledge (identifying properties that justify a 

calculation procedure). 
5 Common mathematical knowledge (estimation strategies). 
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The instrument was designed to evaluate the teachers’ knowledge of teaching 
multiplication and division, including common knowledge of the content and 
specialized knowledge of the content. Tab. 1 presents the details of each specific 
domain of knowledge measured by the instrument. Fig. 14 shows two items (1 and 5) 
used to explain the learning results of participating teachers in this course. 

Fig. 14.  Items 1 and 5 
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5.3.     Data analysis method 

As we mentioned earlier, two methods of analysis are conducted. First, due to the non-
normal distribution of the sample, McNemar’s proportion comparison test (McCrum-
Gardner, 2008) was used to assess the progress of the participants’ MKT in each item 
of the instrument. Then, the LCA is used to describe how the teachers participating in 
the course are classified based on the probabilities of answering the items which 
describe their MKT. Thus, the MKT of the participants is modeled and characterized 
by using variable indicators distributed in the items of the instrument through this 
technique. Thus, latent classes were determined separately for the pre-test and then for 
the post-test. Consequently, the LCA is used to explain the movement of the teachers 
or change the class membership between these latent classes associated with the pre-
test and post-test. This change describes the modification of MKT among participants. 

The fit of the classification or psychometric properties was examined using the 
Akaike Information Criterion (AIC) (Akaike, 1998) and Bayesian Information 
Criterion (BIC) (Schwarz, 1978) as suggested by the literature. As a reference, the 
smaller the AIC and BIC values, the better the model fit (Vrieze, 2012).  

 Results 

6.1.     Difference between pre- and post-test 

As shown in Tab. 2, teachers show significant progress in their achievement in solving 
items 1 and 4 from the pre- to the post-test. Item 1 involves specialized knowledge 
related to the identification of multiplicative grouping problems and Item 4 requires 
the identification of properties underlying a multiplicative calculus procedure (see Tab. 
1). Significant progress in teachers’ performance is also observed in Item 5, which 
involves some common mathematical knowledge for quantity estimation. 
 

Tab. 2.  Percentage of correct answers per item 

Item number Pre-test (%)  Post-test (%) ∆  (%) 𝜒  (p-value) 

1  45 (49%) 74 (80%)  29 (32%)  27.034 (0.000) 
2 42 (46%) 47 (51%)   5 (5%)  0.761 (0.382) 
3  27 (29%)   32 (35%) 5 (5%)  0.516 (0.472) 
4 38 (41%) 54 (59%)  16 (17%)  5.113 (0.023) 
5  46 (50%) 63 (68%)  17 (18%) 6.918 (0.008) 

Note: pre= number of correct answers in the pre-test; post= number of correct answers in 
the post-test; the absolute difference between the correct answers of the post and the pretest; 
= McNemar’s chi-square. 
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6.2.    The LCA: Classification of the participants based on their MKT 

  Before the course 

From the LCA applied to the pretest responses, teachers are classified into two classes 
according to their performance in the MKT pre-test (AIC = 1138.48; BIC = 1216.32; 
G2 = 298.14; χ2 = 1168.59).  

Class 1 includes about 22% of participating teachers (20 teachers), while the rest 
of teachers (71 teachers) belong to Class 2. As can be seen in Tab. 3, what distinguishes 
the classes is the performance on Items 2, 3 and 5. Items 2 and 5 require common 
knowledge of multiplication and division for solving problems. Item 3 requires 
identifying the properties that underlie a computational procedure. 

 
Tab.3.  Probabilities of answering correctly an item 

Item number Pre-test Post-test 
Class 1  (.22) Class 2  (.78) Class 1  (.11) Class 2 (.89) 

1 .52 .49 .27 .88 
2 .30 .50 .13 .57 
3 .16 .33 .00 .40 
4 .45 .41 .58 .60 

5 .00 .63 .27 .74 
 

 After the course 

The classification of participants based on their performance after terminating the 
course, confirms that the teachers are still classified into two classes or groups 
according to their MKT post-test. The data shows a goodness fit index for the 
classification (AIC=928.26; BIC=1006.09; G2=174.91; χ2=499.17).  

Tab. 3 shows that the teachers of Class 2 have a significantly better performance 
than those of Class 1 in Items 1, 2, 3 and 5. Moreover, 89% of the teachers (81 teachers) 
belong to this class (Class 2) with the best performance. In Item 4, which involves the 
identification of properties that underlie a mental calculation strategy, both groups 
show a similar performance, having probabilities of around 60% of answering the item 
correctly. 

6.3.     Teacher movement between classes according to their performance 

Tab. 4 illustrates the movement of teachers according to their performance in the 
evaluations carried out before and after taking the course (pre-test and post-test). As 
we discussed earlier, Class 1 included those teachers who show a lower performance 
compared to teachers in Class 2 during the pre-test. The analysis shows that 90% (18 
out of 20) of the teachers in this class (Class 1), move to Class 2 according to the post-
test. Class 2 in the post-test included the teachers with better achievement in post-test. 
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Only 11% (8 out of 71) of the teachers in Class 2 from the pre-test, move to Class 1 
from the post-test. 
 

Tab. 4.  Number of teachers in each class 

    Post-test 
Total 

  Class 1 Class 2 

Pre-test 
 Class 1 2 18 20 
 Class 2 8 63 71 

Total 10 81 91 
 

When comparing class assignments by the LCA before and after the course using 
the non-parametric Mann-Whitney test, a significant difference between both moments 
is observed (W = 3685.5, p = .046). 

 Discussion and Conclusion  

This article describes the instructional design of an e-learning PD program with a high 
degree of autonomous asynchronous work that aims to improve teachers’ MKT. The 
instructional design of the learning activities is shown for a particular course, 
highlighting the instructional strategies and program’s features that promote active 
learning focused in the different domains of MKT.  In addition, for this course, a pre- 
and post-test design was used to see how the course brings change on teachers’ MKT.  

Developing an e-learning program that includes a high level of autonomous work 
has benefits for teachers, such as providing flexibility in scheduling. Also, the 
program’s virtual asynchronous activities are less demanding of high-speed broadband 
internet than synchronous activities that rely on software like Zoom or Meet. Indeed, 
accessibility to a high-speed internet connection is a limitation for most people in Chile 
(Sepulveda-Escobar and Morrison, 2020), particularly for teachers living in rural areas. 
So, this type of instructional design that privileges autonomous work on a platform that 
facilitates interaction between the participant and the content, can be a successful 
alternative to provide access to PD with territorial equity. Even though designing the 
asynchronous virtual activities of the program was costly and time consuming, the 
dissemination of the program was more robust and less dependent on highly qualified 
instructors, which is critical to maintaining the quality of a large-scale PD program 
(Carney et al., 2019; Roesken-Winter et al., 2015).   

We highlight the characteristics of the course activities from two different 
perspectives. By focusing on the relationship between activities and the construction 
of MKT we can point out how activities design materializes the principles declared by 
Suzuka et al. (2009). The course activities are built on the basis of construction cycles 
helping to progressively unpack elementary mathematical knowledge required to 
analyze a situation. For example, in the activity of “Grouping and arranging pastries” 
the concept of multiplication from grouping situations is gradually built and developed. 
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In the first construction cycle, a type of pictorial representation is connected with a 
symbolic representation (the numerical phrase) emphasizing in both the meaning of 
numbers involved. In the second cycle, the situation is extended by presenting a second 
pictorial representation, which allows reinterpretation of the factors of a multiplication, 
thus extending the meaning of this operation. In the third cycle, the commutative 
property is argued through a generic example and the use of an adequate representation. 
On the other hand, the use of dialogues allows proposing questions that provoke a 
stumble due to a superficial understanding of an idea, in this case, they can point to 
considering groups with different numbers of elements in a grouping problem, or 
representing combination situations with set diagrams. 

Moreover, we can characterize the nature of the course activities by considering 
the strategies that encourage inquiry among learners (Lim, 2001). Several of these 
strategies are evidenced in the course description: (1) Designing problems from a 
simplest version (required less cognition) to the most complicated version of the 
problem which mainly required a high level of cognition; (2) Providing a different 
representation of one scenario, that can help learners to have a better understanding of 
the problem; (3) Using different technological tools with colors, animations, 
illustrations for providing a better visualization for learners that can also capture the 
attention; (4) Making time for reflection by providing feedback constantly during an 
activity, which leads learners to reach a correct reasoning and answer; (5) Designing a 
task with a problematic scenario, which starts with what learners already know and 
continues to a situation where they become curious about  knowing a new concept.  

The empirical finding regarding learning outcomes of the course “Working with 
multiplication and division” showed progress in teachers’ common and specialized 
knowledge for teaching according to the MKT model (Ball et al., 2008). Knowing 
about the movement of teachers between classes from the beginning to the end of the 
course, by using the LCA technique, provides evidence about the change on their MKT. 
In the case of our study, a majority of teachers (89%) classified in a class characterized 
by having a good performance in most of the items at the end of the course. This is in 
contrast to the initial situation of the participants, in which the majority of teachers had 
at most 0.55 probabilities of correctly answering just 2 of the 5 items. This result is, in 
fact, evidence of the change that the course promises to bring to participants’ MKT 
(Martínez et al., 2020). 

Regarding the relationship between the characteristics of the course and the 
progress observed in the items, we consider that the instructional design and 
characteristics mentioned above contributed to the teachers’ progress in their 
knowledge. For instance, the activity described in Section 4.1 and the participants’ 
achievements for item 1 shown in Tab. 2. Although this study did not aim to find a 
causal relationship between instructional design and learning outcomes, research 
shows that a curriculum-based PD leads to greater effectiveness in teachers’ MKT 
(Copur-Gencturk et al., 2019). 
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In conclusion, we would like to emphasize the importance of discussing the design 
of e-learning-based activities in the field of math teacher programs. Indeed, the type of 
activities and the instructional design that are beneficial to develop MKT in teachers 
have not been studied well. In addition, it is rare to find works that detail the type of 
activities carried out so that other PD developers can learn from these experiences. In 
this sense, the present work proposes to advance in this subject, showing principles of 
design, its materialization by using different instructional strategies that allow focusing 
the course on the development of MKT. Although in this article we report teacher 
learning according to a pre- and post-test, we do not have a good understanding of how 
teachers interact with the content or how different elements may affect the learning 
process. Future studies are needed to establish relationships between different features 
of course instructional design and teachers’ learning on specific MKT domains. 
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